Abstract. Given a real reductive group Lie group G R , the Mackey analogy is a bijection between the set of irreducible tempered representations of G R and the set of irreducible unitary representations of its Cartan motion group. We show that this bijection arises naturally from families of twisted D-modules over the flag variety of G R .
Introduction
The aim of this paper is to give a natural conceptual explanation of an analogy between tempered representations of reductive Lie groups and that of their degenerations, which was first conjectured by Mackey ([Mac75] ). We show that this analogy can be understood from the perspective of families of representations. We obtain such families by considering deformation of D-modules, which play a fundamental role in the connection between representation theory with algebraic geometry ( [BB93] ). The case of SL(2, R) has been examined in the paper [TYY16] of the same author with others.
In this paper we will deal with arbitrary reductive Lie groups and verify the claimed results and conjecture in loc. cit.
The idea of families of representations have long been studied in mathmatical physics under the name of contractions of groups and their representations ( [Seg51] , [IW53] ). We will consider only one important case in this paper. Let G R be a noncompact reductive Lie group with a maximal compact subgroup K R . The Cartan motion group of G R is defined to be the group G R,0 := K R ⋉ s R , where g R = Lie(G R ) and k R = Lie(K R ) are the corresponding Lie algebras and s R ∼ = g R /k R is regarded as an abelian group with the usual addition of vectors. In 1970s, Mackey suggested ( [Mac75] ) that there might be a bijection between the irreducible tempered representations of a noncompact semisimple group G R and the irreducible tempered representations of G 0,R . It is counterintuitive at first sight since the algebraic structures of the groups G R and G R,0 are quite different. The classification of tempered representations of G R is a nontrivial matter, which was due to the work of Knapp and Zuckerman ([KZ82a] , [KZ82b] ). On the other hand, Mackey himself developed a full theory of representations of semidirect product groups like G R,0 ([Mac52] ), so the unitary dual of G R,0 is much easier to describe.
One of the evidences of the Mackey analogy comes from the Connes-Kasparov isomorphism in K-theory of C * -algebras ( [BCH94] ), which implies that the tempered duals of G R and G R,0 are equivalent K-theoretically (see also [Hig08] ). Higson conjectured that there actually exists a set theoretical bijection. In other words, Mackey analogy, if holds, can be regarded as a refined version of the Connes-Kasparov isomorphism. In his paper [Hig08] , Higson examined the case where G R is a connected complex semisimple group (regarded as a real group) and showed that there is a natural bijection between the reduced duals of G R and G R,0 . Later in [Hig11] , he strengthened this result by showing that there is even a natural bijection between the admissible duals of G R and G R,0 when G R is a complex group. Other work on examining special cases of the conjecture are [Geo09] , [Sku15] .
The conjectured bijection of Mackey and Higson has been recently established for general real reductive Lie group by Afgoustidis in [Afg15] . It will be summarized in Section 2.1. We will call it the Mackey-Higson-Afgoustidis (MHA) bijection throughout the paper. Afgoustidis used the MHA bijection to give a new proof of the Connes-Kasparov isomorphism for real reductive Lie groups ( [Afg16] ). Moreover, he also studied the Mackey analogy at the level of representation spaces and got partial results. However, a conceptual understanding of the MHA bijection was missing.
As proposed in our former work [TYY16] , Mackey analogy can be understood by constructing families of standard Harish-Chandra D-modules. The theory of D-modules invented by Beilinson and Bernstein ([BB93] ) has built a bridge between algebraic geometry and representation theory. It was shown that standard Harish-Chandra D-modules satisfying certain conditions (called tempered Harish-Chandra sheaves) give an alternative classification of irreducible tempered representations ( [Cha88] , [Mir86] ), parallel to Knapp-Zuckerman. We will review these results in Section 3. In a nutshell, from a given Cartan subalgebra h R of g R together with a decomposition h R = t R ⊕ a R determined by a Cartan involution one can construct a family of D-modules depending on a discrete weight parameter in t * R and a continuous parameter in ia * R such that the global sections form a family of tempered representations of G R . Here is how we are going to construct the one-parameter family related to Mackey analogy: given one of the D-modules in the family, we rescale the parameter in ia * R and let it go to infinity, so that the resulting one-parameter family of G R -representations 'converges' to a representation of G R,0 . The G R,0 -representation might not be irreducible, but it has a unique maximal quotient, which is the one that appears in the MHA bijection. This explains the phenomena that underlying vector spaces of representations related by the MHA bijection can be of different 'sizes'.
Special care needs to be taken, however, when the parameter in ia * R is not generic. For instance, as shown in [TYY16] , in the case of the even principal series representation of SL(2, R) with zero infinitesimal character, the naive construction gives the sum of all even weights of K R = SO(2) regarded as (g 0 , K)-module with s = s R ⊗ R C ⊂ g 0 = g R,0 ⊗ R C acting trivially, which is therefore not finitely-generated. In [TYY16] , this issue was fixed by taking the subfamily generated by the minimal K-types, which is a fundamental notion in the study of representations due to Vogan ([Vog79] ) and also plays crucial role in the MHA bijection. We will prove here that this construction works in general case. For this we need detailed properties of K-orbits on the flag variety and minimal K-types in terms of D-modules, which we will review in § 3.4 and § 3.5 respectively. The main result is Theorem 4.46.
It is natural to wonder about the meaning of the families of D-modules constructed here. One feature of our construction is that the 'limit' of a family gives a K-equivariant coherent sheaf over some twisted cotangent bundle of the flag variety. Its support is the analogue of the characteristic variety of a D-module, which always lie in the usual cotangent bundle. Thus we call it the twisted characteristic variety. It preserves more information than the usual one by remembering part of the infinitesimal character of the D-module we start with. Just as the usual characteristic variety, it can be shown that the smooth locus of the twisted characteristic variety is Lagrangian inside the twisted cotangent bundle equipped with its natural algebraic symplectic structure. We expect that the existence of such natural families can be interpreted as deformation quantization of Lagrangian subvarieties inside twisted cotangent bundles over the flag variety, in the sense of [BGKP16] (also see [NT04] , [DS07] ). This viewpoint will be pursued elsewhere in the future.
Recently a general theory of families of Harish-Chandra modules has been developed in [BHS16] . In this framework, the authors of loc. cit. studied contractions of representations of SL(2, R) in [BHS17] and the MHA bijection for admissible dual of SL(2, R) in [Sub17] using the techniques of Jantzen filtration. We expect that there is a close connection between their approach and ours.
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Notations. For a real Lie group we always put the subscript R following the capital letter, e.g., G R . Same for their Lie algebras and related subspaces, e.g., g R . For the complexified Lie groups and their Lie algebras, we drop the subscripts.
2. The Mackey-Higson-Afgoustidis bijection 2.1. Afgoustidis's Mackey-Higson bijection. We briefly describe Afgoustidis's Mackey-Higson bijection for tempered representations at the level of parameter spaces ( [Afg15] ). Suppose G R is a connected real semisimple Lie group with finite center. Fix a maximal compact subgroup K R of G R . Let θ R and θ = θ C be the corresponding Cartan involutions of g R and g respectively, which have k R and k as fixed points respectively. Let s R and s = s C be the −1-eigenspaces of the involutions θ R and θ respectively, so we have
Suppose a R is a maximal abelian subalgebra of s R . Let W a be the Weyl group of the pair (g R , a R ). We consider K R -orbits in s * R . Any K R -orbit in s * R intersects with a * R at a unique W a -orbit, where we identify a * R as a subspace of s * R using the Killing form. Hence choosing a K R -orbit of s * R is equivalent to choosing a character χ ∈ a * R up to a W a -symmetry. Denote the stabilizer of χ in K R by K χ R . According to Afgoustidis, a Mackey datum is a pair (χ, σ) in which σ is an irreducible unitary representation of K χ R . Given such a datum, we can produce a unitary representation M 0 (δ) of G R,0 by parabolic induction,
Mackey showed that all such M 0 (δ) give a complete list of irreducible unitary representations of G R,0 (see Section 7 of [Mac49] or Chapter 3 of [Mac76] ). They are all tempered. Moreover, two Mackey data δ 1 = (χ 1 , σ 1 ) and δ 2 = (χ 2 , σ 2 ) give rise to unitarily equivalent representations if and only if there is an element of the Weyl group W a which sends χ 1 to χ 2 and σ 1 to an irreducible K χ 2 -representation which is unitarily equivalent with σ 2 . We say that the Mackey data δ 1 and δ 2 are equivalent. We now recall the definition of minimal/lowest K-type due to Vogan ([Vog79] ).
Definition 2.1. Suppose σ is an irreducible representation of K R . By identifying σ with its highest weight, we can define the norm
where ρ c is the half sum of positive roots of K R . For a (g, K)-module π, σ is called a K-type of π if σ occurs in π restricted to K R , and is called a minimal/lowest K-type if furthermore |σ| is minimal among all K-types.
Afgoustidis' construction relies on the following crucial result by Vogan ([Vog81] Now fix a maximal torus T R of K R . Given a Mackey datum δ = (χ, σ), regard χ as an element in g * R and consider the centralizer L χ R of χ for the coadjoint action of G R on g * . Then we have the
Choose a system R + of positive roots for the pair (g, h) and define the nilpotent subalgebra n χ R of g R as the real part of the sum of root spaces in g for those positive roots which do not vanish on a
R with real infinitesimal character by Theorem 2.2. The character χ determines a onedimensional unitary representation e iχ of A χ R . The work of Harish-Chandra, , [KZ82b] ) showed that the induced unitary representation
of G R is irreducible and tempered. Moreover, M (δ 1 ) and M (δ 2 ) are unitarily equivalent if and only if δ 1 and δ 2 are equivalent as Mackey data. Afgoustidis has proven that
is a bijection between the tempered dual of G R and the unitary (tempered) dual of G R,0 .
Definition 2.4. The bijection in Theorem 2.3 is called the Mackey-Higson-Afgoustidis (MHA) bijection.
3. Review of Harish-Chandra sheaves 3.1. Basics of D-modules. Throughout the rest of the paper we fix a connected reductive algebraic group G defined over R and fix a real Lie group G R which has finite index in the set of real points of G. This assumption assures that the component group of any Cartan subgroup of G R is finite and abelian. We fix a maximal compact subgroup K R of G R and write K ⊂ G for its complexification. Any finite-dimensional K R -module extends uniquely to an algebraic K-module, so we will not distinguish them. This is the setting used in [Cha88] . However, we remark that all the results in this paper, with slight modification in the statements, hold for more general G R , at least in the setting of [Mir86] . We recall the construction of twisted D-modules on the flag variety following [Mil93] . Let X be the flag variety of G, which is the variety of all Borel subalgebras b in g. Let g • = O X ⊗ C g be the sheaf of local sections of the trivial bundle X × g. Let b • be the vector bundle on X whose fiber b x at any point x of X is the Borel subalgebra b ⊂ g corresponding to x. Similarly, let n • be the vector bundle whose fiber n x is the nilpotent ideal n x = [b x , b x ] of the corresponding Borel subalgebra b x . b • and n • can be considered as subsheaves of g • . g • has a natural structure of Lie algebroid: the differential of the action of G on X defines a natural map from g to sections of tangent bundle T X of X and hence induces an anchor map τ : g • → T X. The Lie structure on g • is given by
for any local functions f, g ∈ O X and ξ, η ∈ g. The kernel of τ is exactly b • , so b • and n • are sheaves of Lie ideals in g • .
We then form the universal enveloping algebra of the Lie algebroid g • , which is the sheaf U g • = O X ⊗ C U g of associative algebras with the multiplication defined by
The vector bundle h • turns out to be a trivial vector bundle and its global sections over X is the abstract Cartan algebra h of g, which is independent of the choice of Borel subalgebra. Moreover, we also have abstract root system Σ and positive root system Σ + in h * which consists of the set of roots of h in g/b x , as well as the abstract Weyl group W . For details, see Section 3.1, [CG10] . The natural action of G on h • is trivial and embedding h • ֒→ D h identifies the universal enveloping algebra U h = Sh of the abelian Lie algebra h with the G-invariant part of Γ(X, D h ). Here S denotes the symmetric algebra. On the other hand, the center Zg of U g is also naturally contained in Γ(X, D h ) G and the induced map γ : Zg → Sh is the well-known Harish-Chandra homomorphism, which identifies Zg with the W -invariant of Sh, where the action of W on h * is the usual one twisted by the half sum ρ of positive roots:
In other words, we have the Harish-Chandra isomorphism
Define the algebra
Note that natural homomorphism U g → U h (g) is injective since U g is a free module over Zg ( [Kos63] ). The natural homomorphism U h → U h (g) is also injective since Sh is free over Zg ≃ (Sh) W,. . So we can regard U g and Sh as subalgebras of U h (g). Moreover, the center of U h (g) is exactly Sh.
Proposition 3.1 (Lemma 3.1., [Mil93] ). The natural morphism
is an isomorphism of algebras. Moreover,
On the other hand, for any Cartan subalgebra c of g and any Borel subalgebra b x containing c, the composition
is an isomorphism, which does depend on the choice of x ∈ X. Both this isomorphism and the dual isomorphism h * → c * are called specialization at x. For a fixed c and two different points in X, the resulting specialization isomorphisms differ by composition with an element of Weyl group. Any λ ∈ h * determines a homomorphism from U h to C. Let I λ be the kernel of the homomorphism U h → C determined by λ − ρ. Then γ −1 (I λ ) is a maximal ideal in Zg and γ −1 (I λ ) = γ −1 (I σ ) if and only if w · λ = σ for some w ∈ W (here we use the usual W -action on h). Thus we can denote the kernel by J χ = γ −1 (I λ ) where χ = W · λ is the W -orbit of λ in h * . We denote the corresponding infinitesimal character by χ λ : Zg → C. The sheaf I λ D h is a subsheaf of two-sided ideals in D h , therefore D λ = D h /I λ D h is a sheaf of associative algebras. The elements of J χ map into the zero section of D λ . Therefore we have a canonical morphism of
Proposition 3.2 (Theorem 3.2., [Mil93] ). The canonical morphism
is an isomorphism of algebra. Moreover,
Let M (U χ ) be the abelian category of U χ -modules. It is the same as the category of U g-modules with infinitesimal characters determined by χ. We also have the abelian category M (D λ ) of quasicoherent left D λ -modules over X. The Beilinson-Bernstein localization theorem ( [BB93] ) is stated as follows. 
When λ is regular but not dominant, the Beilinson-Bernstein localization theorem still holds if one replaces the abelian categories by their derived categories and the functors by their derived versions. When λ is singular, the situation is more complicated since there can be nontrivial D-modules with trivial sheaf cohomology groups. See [Mil93] for details for example.
The localization of Harish-Chandra modules of the pair (g, K) are Harish-Chandra sheaves, which are coherent D λ -modules with K-equivariant structures which is compatible with the D λ -module structure in the same as Harish-Chandra modules are defined. For a precise definition, see [BL95] . The Harish-Chandra sheaves form an abelian category M coh (D λ , K). Denote by M (U χ , K) the category of Harish-Chandra modules whose U g-module structure factors through U χ . Then the equivariant version of the Beilinson-Bernstein localization theorem reads as Theorem 3.4. Let λ ∈ h * be dominant and regular. Then the localization functor Γ :
3.2. Standard Harish-Chandra sheaves. We recall the construction of standard Harish-Chandra sheaves. Let Y be any smooth subvariety of X. Denote the embedding by i : Y ֒→ X and the ideal sheaf of Y by I Y .
Definition 3.5.
(1) The sheaf of twisted differential operators over Y induced by i and λ is
(2) The transfer bimodule for D λ -modules is
where ω Y /X = ω −1
Lemma 3.6 (Claim 4.11., [Cha88] ). The transfer bimodule
Recall the following result due to Matsuki [Mat88] . Now let Y be a K-orbit Q in X. Then Lemma 3.7 implies that Q determines a canonical Cartan involution θ Q on the abstract Cartan h using specialization . Denote by a Q the (−1)-eigenspace of θ Q so that h = t Q ⊕ a Q . Let φ be an irreducible K-homogeneous connection on Q. For any given λ ∈ h * we write
Let x ∈ Q and τ = T x (φ) be the geometric fiber of φ at x. Then τ is an irreducible finite dimensional representation of the stabilizer K x of x in K. The connection φ is completely determined by this representation of K x on T x (φ) since φ is K-homogeneous. Let c be a θ-stable Cartan subalgebra in the Borel subalgebra b x . The Lie algebra k x = k ∩ b x of K x is the semidirect product of the toroidal part k ∩ c ∼ = t Q with the nilpotent radical u x = k ∩ n x of k x . Let U x be the unipotent subgroup of K corresponding to u x . It is the unipotent radical of K x . Let T be the Levi factor of K x with Lie algebra t Q , then K x is the semidirect product of T with U x . The representation of K x in T x (φ) is trivial on U x , so it can be viewed as a representation of T . Note that the assumption on G R at the beginning of Section 3.1 implies φ is always a line bundle, but with more general G R the component groups of Cartan subgroups could be nonabelian and so φ could be of higher rank.
Definition 3.8. We say that the K-connection φ is compatible with λ − ρ if the differential dτ of the K x -representation τ decomposes into a direct sum of a finite number of copies of the one dimensional representation determined by the restriction of λ − ρ (specialized to c) to t Q . 
and hence the Lie algebra t Q lies in the center of (the sections of) the sheaf of algebras
In particular, D i λ only depends on λ + . It is clear from this description that a K-connection φ compatible with λ − ρ is naturally a (left) module over
λ . Then we have the identification
Definition 3.9. The standard Harish-Chandra sheaf associated to the triple (λ,
Under certain conditions, I(λ, Q, φ) is irreducible as D λ -module and its sections produces an irreducible (g, K)-module. In general it contains a unique irreducible Harish-Chandra subsheaf (Lemma 6.6, [Mil93] ), denoted by L(λ, Q, φ). With certain assumptions on λ and Q, the cohomologies of such L(λ, Q, φ) give a geometric classification of the admissible representations of G R . See Section 9, [HMSW] .
3.3. Geometric classification of irreducible Harish-Chandra modules. We are state the results on the classification of irreducible tempered representations in terms of Harish-Chandra modules. 
Theorem 3.12 ([Cha88], [HMSW] ). Every final basic standard module is an irreducible tempered Harish-Chandra module. Conversely, any irreducible tempered Harish-Chandra module is isomorphic to a final basic standard module Γ(X, I(λ, Q, φ)).
Mirkovic also proved a similar result in Lemma 4.1.4, [Mir86] . He showed that an irreducible tempered representation can be realized as global sections of standard Harish-Chandra sheaves on different K-orbits and they are related by intertwining functors.
3.4. K-orbits on the flag variety. The geometry of K-orbits on the flag variety X is quite involved and plays an important role in representation theory and the study of Kazhdan-LusztigVogan polynomials ( [LV83] , [Vog83] ). We only state properties necessary for the discussions on minimal K-types in §3.5. The results needed here are from §3 and §6 of [Cha88] . Some of the original literature are [Mat88] , [Mat79] and [Spr86] . It should be mentioned that the only possibly novel perspectives are contained in Definition 3.27 and Proposition 3.34, which might be well-known to the experts but we can not find in the literature.
Give a K-orbit Q of X, choose a point x ∈ Q and denote b x its corresponding Borel subalgebra of g. By Lemma 3.7, there exists a θ-stable Cartan subalgebra c of b x . Let R = R(g, c) be the root system of (g, c) in c * . The root system (c, R) is canonically identified with the abstract root system (h, Σ) via specialization. Then the Borel subalgebra b x together with c determines a positive root system R + x in R. Now suppose w is some element in the abstract Weyl group W . Using the specialization at x we identify W with the Weyl group W (g, c) associated to (g, c). Then wR + x determines a new Borel subalgebra b y corresponding to a point y ∈ X. Let wQ = K · y ⊂ X be the K-orbit of y. By Lemma 3.7 we see that wQ does not depend on the choice of x ∈ Q and c, even though y does. Recall the following definition.
Definition 3.13. For a given θ-stable Cartan subaglebra c, a root α in R(g, c) is called real if θα = −α; complex if θα = ±α; compact (resp. noncompact) imaginary if θα = α and its corresponding root space lies in k (resp. s).
Consider the fibration π α : X → X α associated to a simple root α ∈ R + x . Each fiber of π α is isomorphic to P 1 . For a simple root α and a subset Y of X, we denote by P α * Y the set π −1 α (π α (Y )). In particular, for any point x ∈ X, denote by X x = P α * {x} = π −1 α (π α (x)) the fiber of π α containing x. We denote Q α := π α (Q), which is a single K-orbit in X α .
Lemma 3.14 (Lemma 3.6, [Cha88] ). Consider the K-orbit Q = K · x.
(1) If α is a complex simple root and
Corollary 3.15. If α is a complex simple root and Q is a K-orbit of X, then P α * Q is a disjoint union of the two K-orbits Q and s α Q.
(1) If θ Q α ∈ Σ + , then dim Q = dim(P α * Q) − 1 and dim(s α Q) = dim(P α * Q). In this case, the restriction π α | sαQ :
Definition 3.16. A positive root α is said to be θ-stable (resp. (−θ)-stable) if θ(α) (resp. −θ(α)) is positive. A positive root system is said to be θ-stable (resp. (−θ)-stable) (outside real roots) if α is θ-stable (resp. (−θ)-stable) for any complex positive root α. A K-orbit Q is said to be θ-stable (resp. (−θ)-stable) (outside real roots) if R + x is θ-stable (resp. (−θ)-stable) (outside real roots) for some x ∈ Q (Surely this definition is independent of the choice of x).
(1) There is a θ-stable Cartan subalgebra c in b x ∩ b y . Let R + x and R + y be the positive root systems of c determined by b x and b y respectively as above; (2) R + y is θ-stable outside real roots; (3) All the real roots and θ-stable roots in R + x is contained in R + y .
The following theorem shows that distinguished orbits always exist.
Theorem 3.18. Let Q = K · x be a K-orbit.
(1) There exits a sequence of roots α 1 , . . . , α n in R + x such that, for i = 1, . . . , n, α i is a complex (−θ)-stable simple root in
Moreover, the set of non-real roots in s αn · · · s α 1 R + x is θ-stable. (2) Let α 1 , . . . , α n be as in (1) and denote w b = s αn · · · s α 1 . Then Q b = w b Q is a distinguished orbit associated to Q. Moreover, we have
Proof.
(1) is case (1) of Lemma 6.4, [Cha88] . Then the first part of (2) follows from Definition 3.17. The second part of (2) is Theorem 6.7, [Cha88] .
Let Q b = K · y be the distinguished orbit associated to Q as in Theorem 3.18. Then R + y is θ-stable outside real roots. Let S be the set of all simple real roots in R + y , we hence have a fibration
Together with (1) and (2) of Lemma 3.14, this implies that there exists a natural K-equvariant fibration π : Q → Q r . Let T be the reductive part of the isotropy group
Let U be the exponential of the span of
Lemma 3.19 ((6.8)', [Cha88] ). The fiber over z of the fibration π :
Now consider a set of data (λ, Q = K · x, φ) with λ dominant. Recall we have the decomposition
Definition 3.20 (Defn. 6.9, [Cha88] ). An orbit
Proposition 3.21 (Prop. 6.10, [Cha88] ). For any set of data (λ, Q, φ) with λ dominant, there exists at least one associated λ + -distinguished orbit.
3.5. Minimal K-types. We recall the definition and properties of special K-types of standard modules from §8 of [Cha88] . It was shown there that special K-types coincide with Vogan's definition of minimal K-type (Definition 2.1).
The notion of special K-types is a generalization of that of fine K-types introduced by BernsteinGelfand-Gelfand in [BGG75] and [BGG76] , which we now recall. Let G R be a split group and (λ, Q, φ) be a set of data with Q = K · x dense in X. Then K x is finite and Γ(I(λ, Q, φ)) = Γ(Q, φ). Choose a Cartan subgroup H x ∼ = B x /N x with Lie algebra h x and by R + x the associated positive root system on h * x . In this case all roots are real. For any root α ∈ R + x , choose α-root vector E α and (−α)-root vector E −α in g R such that
x } forms a basis of k. Geometrically, consider the fibration π α : X → X α associated to a simple root α and recall that X y = π −1 α (π α (y)) for each y ∈ X. We use z as coordinate on X y (y ∈ Q) such that X y ∩ Q = {z|z = 0, ∞} (Lemma 3.14, (3)). Then Definition 3.22 can be reformulated as To prepare for the general definition of special K-types, we need two ingredients. First of all, for a given standard module I = I(λ, Q, φ), there is a natural filtration defined by the degree of derivatives transversal to Q,
where I k is the subsheaf of local sections of I with degree of transversal derivatives less or equal than k (k ∈ Z, k ≥ 0). In particular,
The second ingredient is related to the distinguished orbit in Definition 3.17. Let Q b be a distinguished θ-stable orbit associated to Q. Recall from §3.4 there is a K-equivariant fibration π : Q → Q r whose fiber over z ∈ Q r is canonically identified with (
S (z). By Theorem 3.18, we have
Thus we have
where
The same convention will be adopted in similar contexts.
Definition 3.26 (Defn. 8.5, [Cha88] ). A K-type σ which occurs as a subspace V σ in Γ(X, I(λ, Q, φ)) is called special if V σ ⊂ Γ(X, I 0 (λ, Q, φ)) and V σ is Q b -special for every λ + -distinguished orbit associated to the data (λ, Q, φ).
We restate this definition in an equivalent way which is convenient for later application.
Definition 3.27. A K-type σ which occurs as a subspace V σ in Γ(X, I(λ, Q, φ)) is called special if V σ ⊂ Γ(X, I 0 (λ, Q, φ)) and any section s ∈ V σ restricted to each fiber X y of the fibration π α : X → X α for any simple root α satisfies the following:
(1) If α is a real root, then s| Xy is contained in the linear span of 1, z 1/2 and z −1/2 (cf. Defn. 3.23); (2) If α is a complex root and −θα ∈ R + x , then s| Xy is constant along X y (cf. Defn. 3.25).
Proposition 3.28 (Prop. 8.6, [Cha88] ). Suppose Q b is a λ + -distinguished orbit associated to the data (λ, Q = K · x, φ) and assume that λ, α = 0 for all compact simple roots α, then Q b -special K-types exist in Γ(X, I(λ, Q, φ)). By Proposition 3.21, 3.28 and 3.29, we have Corollary 3.30 (Cor. 8.14, [Cha88] ). If λ is dominant and Γ(X, I(λ, Q, φ)) is not trivial, then special K-types exist in Γ(X, I(λ, Q, φ)).
Theorem 3.31. If (λ, Q, φ) is regular, then all the special K-types occur in Γ(X, L(λ, Q, φ)).
Eventually, we have the following characterization of minimal K-types of the standard module Γ(X, I(λ, Q, φ)). [Cha88] ). Let Γ(X, I(λ, Q, φ)) be a nontrivial standard module with λ dominant. Then the special K-types of Γ(X, I(λ, Q, φ)) coincide with its special/minimal K-types. Moreover, they all occur in Γ(Q, ω Q/X ⊗ O Q φ) and Γ(X, L(λ, Q, φ)). Each of them occurs with multiplicity 1.
We now state the main result of this section.
Definition 3.33. Define M(Q, φ) to be the coherent K-equivariant O X -submodule of i * φ generated by sections which are contained in minimal K-types of Γ(X, I(λ, Q, φ)).
Proposition 3.34. Under the assumption of Theorem 3.32, the space of global sections Γ(X, M(Q, φ)) as a K-representation is the direct sum of minimal K-types of Γ(X, I(λ, Q, φ)). I(λ, Q, φ) ). Then the restriction of any section s ∈ V σ to each fiber X y ∼ = P 1 of the fibration π α : X → X α for any simple root α is a section of the restriction sheaf of M(Q, φ) to X y , which is in turn the O Xy -module generated by restriction of (sections of) minimal or special K-types of Γ(X, I(λ, Q, φ)) to X y . We only need to show that s satisfies the conditions in Definition 3.27. Indeed, from that definition we deduce that:
(1) If α is complex and −θα ∈ R + x , M(Q, φ)| Xy is just O Xy and hence s| Xy must be constant; (2) If α is real, then M(Q, φ)| Xy is either isomorphic to O Xy or O Xy (1). In either case, s must be contained in the linear span of 1, z 1/2 and z −1/2 .
Hence again by Definition 3.27, s is special (or V σ is special).
4. Deformation of Harish-Chandra modules 4.1. Contraction of Harish-Chandra pair.
Definition 4.1. Given a Harish-Chandra pair (g, K), its associated Cartan motion pair is the Harish-Chandra pair (g 0 , K) where g 0 is the Lie algebra
where s := g/k is considered as a K-representation.
The Lie algebras g 0 and g fit into an algebraic family of Lie algebras g t , t ∈ C, with the fiber at t = 0 being the Lie algebra g 0 and other fibers g t , t = 0, isomorphic to g. This is the well-known 'deformation to the normal cone' construction. More precisely, we take the trivial vector bundle C × g and regard it as a sheaf of O C -modules over the affine line C. It is a sheaf of Lie algebras and its module of global sections is g[t] = g ⊗ C C[t], where t is the coordinate function of C. Let g t be the subsheaf of Lie subalgebras in C × g whose germs of sections consist of those taking values in k ⊂ g at 0 ∈ C. This definition of g t was communicated to the author by Nigel Higson. We take K = K(C[t]) = K × C to the constant family of groups over C with fiber K.
Definition 4.2. The contraction of the Harish-Chandra pair (g, K) is the pair (g t , K).
This is a special case of algebraic family of Harish-Chandra pairs in the sense of [BHS16] where the base space is C. In that paper general families of groups are allowed, whereas we only consider the constant family K with fiber K. Also in our case any quasi-coherent sheaf over the base space C is equivalently a C[t]-module. In the setting of the paper, there is a Cartan involution θ on g and we can identify s with the (−θ)-fixed part of g so that g = k⊕s. Then we have
The notion of admissible (algebraic) family of Harish-Chandra modules over an algebraic family of Harish-Chandra pairs are also defined in 2.4.1, [BHS16] . We adopt their terminologies for the pair (g t , K) yet with a slight modification. Recall that an action of K on a C[t]-module F is a morphism of C[t]-modules
that is compatible with the multiplication and inverse operations on K in the usual way.
Definition 4.3. A family of representations of K, or simply a representation of K, is a C[t]-module F that is equipped with an action of K. We say that F is flat if it is flat as a C[t]-module and that F is admissible if it is flat and
is a free C[t]-module of finite rank for every finite-dimensional representation V of K. In this case there is a canonical isotypical decomposition
indexed by the equivalence classes of irreducible algebraic representations of K, where
Definition 4.4. An algebraic family of Harish-Chandra modules for (g t , K), or simply a (g t , K)-module, consists of a C[t]-module F, that is equipped with an action K on F and an action of g t on F, such that the action morphism
is K-equivariant, and such that the differential of the K-action is equal to the restriction of the g t -action to k
[t]. A (g t , K)-module F is said to be flat if it is flat as a C[t]-module.
Definition 4.5. A flat (g t , K)-module F is called admissible if F is finitely generated as a g tmodule, and if the K-action on F is admissible in the sense of Definition 4.3.
Remark 4.6. In [BHS16] , all (g t , K)-modules are defined to be flat as C[t]-modules. We do not assume (g t , K) to be flat in general, however, since flat modules do not form an abelian category.
Remark 4.7. Since our base space is always C, flatness is equivalent to torsion-freeness. Hence any C[t]-submodule of a flat (g t , K)-module F which is invariant under the g t -action and the K-action is also a flat (g t , K)-module. It is natural to call them algebraic subfamilies of Harish-Chandra modules, or simply (g t , K)-submodules, of the (g t , K)-module F. Similarly (g t , K)-submodules of admissible (g t , K)-modules are always admissible. However the category of admissible (g t , K)-modules is not an abelian category.
We will see later that MHA bijection is essentially about the study of (g t , K)-modules. However, an alternative description of (g t , K) is more convenient for the approach adopted in this paper. Consider the Lie subalgebra
over C [t] . Then r t contains the Lie subalgebra k t := tk[t] ⊂ k[t] and carries the adjoint action of K.
Definition 4.8. A (r t , K)-module consists of a C[t]-module F that is equipped with an action K on F and an action of r t on F, such that the action morphism
is K-equivariant, and such that the restriction of the differential of the K-action to k t is equal to the restriction of the r t -action to k t .
A (g t , K)-module is naturally a (r t , K)-module by restriction of the g t -action to r t . Conversely, given a r t -module F, the differential of its K-action together with the r t -action give a g t -action since g t = k[t] + r t , and hence F is a (g t , K)-module. Therefore the notion of a (r t , K)-module is equivalent to that of a (g t , K)-module. Lemma 4.10. A (r t , K)-module F is admissible if and only if it is finitely generated as a (r t , K)-module, and if the K-action on F is admissible.
Proof. We only need to show that if F is finitely generated as g t -module and is admissible as Krepresentation, then F is also finitely generated as r t -module. Assume F = U g t · U where U is a finite-dimensional complex vector subspace of F. Take U ′ to be the K-subrepresentation of F generated by U , then F = U r t · U ′ . Since F is admissible as K-representation, U ′ is a C[t]-module of finite rank. Therefore F is finitely generated as r t -module.
4.2.
Algebraic family of Harish-Chandra sheaves. We extend the Beilinson-Bernstein localization of (g, K)-modules to the case of (g t , K)-modules in a similar manner as § 3. Form the trivial vector bundle g
and and similarly its subsheaf g • t . They are both Lie algebroids over the sheaf O X [t] of commutative algebras over X in the same way as g • being Lie algebroid over O X .
We now assume k is the fixed Lie subalgebra of a Cartan involution θ of g. As in § 3.2, a given K-orbit Q i − → X determines a Cartan involution θ Q of h so that the fixed subspace is t Q . Denote by a Q the (−1)-eigenspace of θ Q so that h = t Q ⊕ a Q . For any given λ ∈ h * we write λ + = λ| t Q and λ − = λ| a Q . Define a character
Consider another Lie subalgebra r t = tg[t] ⊂ g t ⊂ g[t] over C[t] and the corresponding Lie subalgebroid r
Definition 4.11. Define the sheaf of associative algebras over X,
Definition 4.12. A (quasi-coherent) (D λt (r t ), K)-module W is a (quasi-coherent) D λt (r t )-module equipped with an equivariant K-structure, such that the action of k • t ⊂ r • t obtained via the left D λt (r t )-module structure satisfies
where X ∈ k, s is a local section of W and exp(uX) acts on s via the K-equivariant structure. In other words, the k • t -module structure is compatible with the K-equivariant structure. W is coherent if it is coherent as D λt (r t )-module. The category of (D λt (r t ), K)-modules form an abelian category denoted by M (D λt (r t ), K). Definition 4.13. A (D λt (r t ), K)-module W is said to be flat if it is flat with respect to the projection X × C → C. It is said to be admissible if it is flat and is coherent as a D λt (r t )-module.
We now define the analogue of standard Harish-Chandra sheaves for (D λt (r t ), K)-modules.
Definition 4.14. The transfer bimodule associated to the K-orbit Q and the character λ t is the sheaf 
The sheaf i ♯ φ is a left D λt (r t )-module. Moreover, it carries a K-equivariant structure defined by
The K-action differentiates to a left k • [t]-action on i ♯ φ, such that its restriction to k • t coincides with the one obtained via the left U r • t -module structure of i ♯ φ and the inclusion k • t ⊂ r • t . Hence i ♯ φ is a (D λt (r t ), K)-module. Moreover, it is flat in the sense of Definition 4.13.
Remark 4.16. In [TYY16] , we gave a different yet equivalent construction of the family. There we localize g • t to a Lie algebroid over X and use the associated sheaf of universal enveloping algebras instead of D λt (r t ). The advantage of the new approach is that the construction is uniform for all K-orbits, which makes proofs easier.
Given φ, there are in general different λ which is compatible with φ. To specify λ, we write i λ + φ instead of i + φ. The following lemma follows immediately from definitions. If we regard i ♯ φ as a left U r • t -module via the natural morphism U r • t → D λt (r t ), the left U r • tmodule structure can be extended to a left U g • t -module structure via the K-equivariant structure by r t + k = g t ⊂ g [t] . Therefore the sheaf i ♯ φ is naturally a (g • t , K)-module. However, it is not a coherent U g • t -module or D λt (r t )-module in general. The coherence fails when λ − is not generic, as illustrated in the case of SL(2, R) in a previous paper [TYY16] of the author. To fix this, recall by Theorem 3.32 that the minimal K-types of the stand module Γ(X, I(λ, Q, φ)) are included in Γ(Q, φ) and hence is independent of λ − . Recall M(Q, φ) is the coherent K-equivariant O Xsubmodule of i * φ generated by those minimal K-types.
Definition 4.18. Define i ♭ φ to be the subsheaf of coherent D λt (r t )-submodules of i ♯ φ generated by M(Q, φ). Equivalently,
It is clear that i ♭ φ is an admissible D λt (r t )-module in the sense of Definition 4.13 since i ♯ φ is flat and C[t] is a PID. The specialization of i ♭ φ to t = 1 is a coherent (D λ , K)-module over X. Therefore its global sections form a (g, K)-module with infinitesimal character χ λ .
We define a family version of the algebra U h (g). Let U h (r t ) be the subalgebra of U h (g)[t] generated by r t ⊂ U g [t] and th ⊂ h [t] . To analyze U h (r t ), note that there is an isomorphism of commutative algebras
which is the restriction of
Here (−) g stands for invariant part under the adjoint g-action and the twisted action of W on h extends C[t]-linearly to h[t] and th[t]
. When 0 = s ∈ C, γ t | t=s is isomorphic to the Harish-Chandra isomorphism γ HC , while γ t | t=0 is isomorphic to the Chevalley isomorphism
where the W action is the usual one. Note that the construction of γ t is nothing but the Rees algebra version of the Harish-Chandra isomorphism with respect to the natural filtrations on (U g) g and (Sh) W,. . Therefore we can regard S(th[t]) as a (U r t ) g -algebra and there is an isomorphism of algebras
(th[t]).
Set I λt to be the kernel of the homomorphism S(th[t]) → C[t] determined by λ t : th → C[t]. Then I λt lies in the center of U h (r t ) and hence I λt U h (r t ) is a two-sided ideal of U h (r t ).
We have the analogue of Proposition 3.1 and Proposition 3.2. 
are isomorphisms of algebras. Moreover, we have
The natural homomorphism U g t → U λt (g) is surjective, so U λt (g) can be regarded as a quotient algebra of U g t . We denote M (U λt (g), K) as the category of (g t , K)-modules whose U g t -module structure factors through U λt (g).
Lemma 4.21. Taking global sections defines a functor
Moreover, it sends flat (D λt (r t ), K)-modules to flat (g t , K)-modules.
Proof. The first statement follows from Proposition 4.20. The second statement follows from the fact that C[t] is PID and that a module over a PID is flat if and only if it is torsion-free.
Remark 4.23. We believe that the global section functor Γ(X, −) sends admissible (D λt (r t ), K)-modules to admissible (g t , K)-modules, and hence Γ(X, i ♭ φ) is an admissible (g t , K)-module. However we do not have a simple argument at the moment.
4.3. Coherent sheaves on Grothendieck-Springer resolutions. The Grothendieck-Springer simultaneous resolution of g * (cf. [CG97] ) is the morphism,
} and the moment mapμ is the projection to the first factor. Here n ⊥ denotes the annihilator of n in g * . The projection to the second factor is denoted byπ : g → X. If we fix a point x ∈ X, which corresponds to a Borel subgroup B x with Lie algebra b x and its nilpotent ideal n, then there is an G-equivariant isomorphism
For any Borel subalgebra b we have the short exact sequence 0 → n → b → b/n → 0, and we can identify b/n with the abstract Cartan subalgebra h. Thus we have another short exact sequence
The natural projections n ⊥ → h * give a natural map
We regard λ − as an element of h * via the decomposition h = t Q ⊕ a Q determined by θ Q . Denote
It is a twisted cotangent bundle over X via the restriction π : is an affine subspace of n ⊥ , which is a translation of the linear subspace b ⊥ . Via the Killing form we have identifications g ∼ = g * , b ⊥ ≃ n, n ⊥ ≃ b, h * ≃ h. Hence by regarding λ − as an element in h, we have the identification
where Q is the closure of Q in X. Letl : T * Q X λ − ֒→ T * X λ − be the embedding. Now consider the sheaf of commutative O X -algebras
There is another sheaf of commutative O X -algebras
From Definition 4.11 of D λt (r t ) we have Lemma 4.24. There is a canonical isomorphism of sheaves of O X -algebras between S λ − and π * O T * X λ − .
Let M K (T * X λ − ) be the abelian category of sheaves of K-equivariant quasi-coherent O T * X λ − -modules and let M K coh (T * X λ − ) be its subcategory consisting of coherent O T * X λ − -modules. Similarly, let M (S λ − , K) be he abelian category of sheaves of K-equivariant S λ − -modules and let M coh (S λ − , K) be its subcategory consisting of coherent S λ − -modules. Then Lemma 4.24 implies Corollary 4.25. The direct image functor π * induces an equivalence between M K (T * X λ − ) and M (S λ − , K). Moreover, it restricts to an equivalence between M K coh (T * X λ − ) and M coh (S λ − , K).
We now study the geometry of (D λt (r t ), K)-modules as in Definition 4.12. Let W be any (D λt (r t ), K)-module and W 0 = W| t=0 . Then W 0 is a (S λ − , K)-module and therefore W 0 = π * W 0 for some K-equivariant O T * X λ − -module W 0 by Corollary 4.25. We now exhibit a constraint on possible supports of such W 0 . First define the sheaf of commutative algebras over O X ,
Note that the closed embedding T * K X λ − ֒→ T * X λ − induces a surjective homomorphism of sheaf of commutative algebras over O X
Lemma 4.26. With the notations above, the S λ − -module structure of W 0 factors through the morphism S λ − → S K λ − . In particular, the support of W 0 is a K-invariant closed subvariety of
Proof. It amounts to showing that the action of k • t on W induced from the action of D λt (r t ) vanishes after descending to W 0 . This is immediate due to the K-equivariant structure and its compatibility with the D λt (r t )-module structure.
By Corollary 4.25, we can regard i ♯ φ| t=0 as a K-equivariant quasi-coherent sheaf E = E (λ, Q, φ) of O T * X λ − -modules. In other words, E is the unique O T * X λ − -module (up to isomorphism) such that
as (S λ − , K)-modules. Denote the restriction of π :
Lemma 4.27. There is a canonical isomorphism of sheaves of O Q -algebras
Proof. Consider the Cartesian diagram
Since π is affine, the lemma follows from base change.
Lemma 4.28. There is a canonical isomorphism of
Lemma 4.29. E =ĩ * p * ϕ.
Proof. First of all, by Lemma 4.28 and Lemma 4.27 we have
where the last equality is by the projection formula. The commutative diagram 4.3 gives
Therefore E =ĩ * p * ϕ by Corollary 4.25.
The inclusion i ♭ φ ֒→ i ♯ φ induces a natural morphism of sheaves of O T * X λ − -modules by restriction to t = 0,
To describe the image of subsheaf of η, consider the following commutative diagram
where the horizontal maps satisfyĩ =l
is a subsheaf of i * ϕ by Theorem 3.32. Since M(Q, φ) is supported over Q, we may regard M(Q, φ) as a sheaf over Q by abuse of notation. Then M(Q, φ) is a subsheaf of i ′ * ϕ and hence also a subsheaf of i ′ * p * p * ϕ =p * ĩ ′ * p * ϕ via the injective natural morphism
where the equality is by the projection formula. Applying the adjunction of the pair (p * ,p * ) to the resulting injective morphism
which however might not be an injective morphism sincep is in general not flat. Denote the image subsheaf of this morphism by M(Q, φ) ⊂ĩ ′ * p * ϕ. Apply the functor l * p * to the morphism (4.6) to get a morphism of S λ − -modules,
By Proposition 4.26, it is induced by the multiplication map
and therefore its image subsheaf π * l * M(Q, φ) is equal to the S λ − -submodules of i ♯ φ| t=0 generated by M(Q, φ), which is exactly π * Im(η).
From the discussion above, we have Lemma 4.31. The supports of E and E are in T *
It is therefore natural to give the following definition.
Definition 4.32. The (λ − -)twisted characteristic variety of the D λ -module I(λ, Q, φ) is the subvariety
When λ − is generic, Ch λ − (I(λ, Q, φ)) is smooth, but in general it is singular. In the most singular case when λ − = 0, we have λ t = λ + . Thus D λt (r t ) is the Rees algebra of D λ with respect to its natural filtration, whereas i ♭ φ is the Rees module of i + φ with respect to the filtration generated by M(Q, φ). Thus we have Remark 4.34. Similar to the usual cotangent bundle, the twisted cotangent bundle T * X λ − is equipped with a natural G-invariant algebraic symplectic form. The smooth locus of the twisted characteristic varieties are in fact Lagrangian subvarieties in T * X λ − . This will be proven elsewhere.
Pick a point x ∈ Q and a a θ-stable Cartan subalgebra h x ∈ b x . So n ⊥ x = h * x ⊕ b ⊥ x and we can regard λ − with a semisimple element λ ′ − in h * x ∩ s * . Let O λ − be the closed K-orbit of λ ′ − in s * . It only depends on λ − and is independent of the choice of x or h x (hence of λ ′ − ). Set
which is a K-invariant subvariety of T * Q X λ − ⊂ T * K X λ − and only depends on the choice of Q. On the other hand, we have a point
For the proof, we need the following Lemma 4.36. Suppose b is a Borel subalgebra and γ is a semisimple element in b with θγ = −γ.
Then there exists a θ-stable Cartan subalgebra c in b such that γ ∈ c.
Proof. Let l γ be the centralizer of γ in g, then l γ is a θ-stable reductive subalgebra of g, which contains γ. Moreover, b γ = l γ ∩ b is a Borel subalgebra of l γ . By Lemma 3.7, l γ contains a θ-stable Cartan subalgebra c. Then c must contain γ and it is also a Cartan subalgebra of b.
Proof of Proposition 4.35. Suppose γ = (γ, y) ∈ Q λ − . We need to prove that γ and λ − are Kconjugate. Since both x and y are in Q, we can conjugate γ by some element in K if necessary and assume x = y and γ ∈ b x . By Lemma 4.36, there is a θ-stable Cartan subalgebra c in b x which contains γ. Similarly there is another θ-stable Cartan subalgebra c ′ in b x containing λ ′ − . By Lemma 3.7, there exists k ∈ K ∩ N x such that c = Ad(k)c ′ . Now both Ad(k)λ ′ − and γ belong to c and their images under the specialization c ∼ = c * ∼ = (b x /n x ) * ∼ = h * are λ − . Hence γ = Ad(k)λ ′ − and γ = Ad(k) λ − .
Denote by Q λ − the closure of Q λ − in T * X λ − . We have the following commutative diagram,
Now assume λ − is purely imaginary and set
is an irreducible tempered (g, K)-module. Let P λ − = L λ − N λ − be the parabolic subgroup of G with Lie algebra p λ − containing b x , whose Levi factor L λ − is the centralizer of λ − . Then
and L λ − is θ-stable and all imaginary roots are contained in roots of l λ − , which implies that
is a real reductive pair. Let S be the set of all simple roots vanishing on λ − . Consider the associated fibration π S : X → X S ∼ = G/P λ − of the full flag variety over the partial flag variety of type S. Set
Denote by j the embedding of Q S into X S and by k the embedding of X y into X. We have the following the diagram 4.9,
Recall in §4, [Cha88] , a K-equivariant sheaf D λ of algebras was defined over X S , which is an analogue of D λ over X. Moreover, (π S ) * induces a functor
Another sheaf D j λ of algebras was defined over Q S , which is an analogue of D i λ over Q. One can define a functor
in a similar way as how i + is defined. There is an exact induction functor (Lemma 5.2., [Cha88] )
The following proposition essentially says that the (g,
Proposition 4.37. There is a natural isomorphism in M (D λ , K),
Proof. This follows immediately from Theorem 5.4 and Theorem 4.14 of [Cha88] and it generalizes Corollary 5.8 of loc. cit. in which S is consists of a single simple root.
On the other hand, suppose L
R is the Langlands decomposition with its complexi-
Proof. Since Γ(X, I(λ, Q, φ)) is irreducible, Γ(X y , I(λ, Q L , φ L )) must be irreducible by Proposition 4.37. To show it has real infinitesimal character, fix a θ-stable Cartan subalgebra h R of L λ − R and its complexification h. Then there is decomposition
where h λ − = h ∩ m λ − . By Lemma 3.4 (4), [Vog00] , the restriction of λ − to h λ − is zero and so the infinitesimal character of Γ(X y , I(λ, Q L , φ L )) as an m λ − -module is λ + .
Corollary 4.39. The (g, K)-module I(λ, Q, φ) is (the Harish-Chandra module of ) the real parabolic induction of the L
Proof. The conclusion can be deduced from Proposition 4.37 above, the identification of parabolic induction and cohomological induction (Proposition 11.47 of [KV95] ) and the identification of Dmodules with cohomologically induced modules ( [Osh15] , [Osh13] ). 
Proof. It is immediate from our Definition 3.27 of special K-types that there is a natural injective morphism r :
is an irreducible tempered (m λ − , K λ − )-module has the unique minimal K λ − -type σ. Thus the morphism r must be surjective and hence an isomorphism.
Since the stabilizer of
Lemma 4.42. The restriction of π :
and therefore the restriction of
We have the following diagrams whose top lines are fibrations,
Proof. First consider the Cartesian diagram
Note that horizontal maps are open embeddings and vertical maps are closed embeddings. Therefore we have isomorphism of O Z λ − -modules 
denotes the open embedding. Similarly κ * p * M(Q, φ) can be identified with the restriction of
is induced by the morphism (4.6) and (4.10), hence can be identified with the natural injective
Since κ is a closed embedding, κ * is exact and preserves image subsheaves. Hence we have proven
Finally the statement follows from Proposition 4.30.
Define the K-equivariant vector bundle
, then it is an irreducible K-equivariant coherent sheaf over T * X λ − and hence π * V is a coherent (S λ − , K)-module. Moreover, V is the unique maximal quotient of E in the category M K coh (T * X λ − ) via the composition
Proof. By Lemma 4.42 and Proposition 4.41, we only need to show that
This follows from Proposition 3.34 applied to the group L and its flag variety X y . coincides with the MHA bijection. In particular, the correspondence is independent of the realization of M (λ, Q, φ) as global sections of standard Harish-Chandra sheaf (i.e., choice of the data (λ, Q, φ)).
Set
Remark 4.47. Lemma 4.1.4 of [Mir86] says that a tempered representation can be realized as global sections of standard Harish-Chandra sheaves associated to different data (λ, Q, φ) with the same K-conjugacy class of Cartan subalgebra. These Harish-Chandra sheaves are related by intertwining functors. Moreover, it can even happen that the same representation is attached to different triple (λ, Q, φ) with different K-conjugacy class of Cartan subalgebras. In this case they are related by Schmid identities. See [Mil93] for the example of a spherical principal series representation of SU(2, 1) realized on the open K-orbit, which coincides with a limit of discrete series representation realized on a closed K-orbit. On the other hand, Theorem 4.46 and the MHA bijection is independent of these choices. A natural question is that whether M (λ t , Q, φ) and hence M 0 (λ, Q, φ) are independent of the choice of (λ, Q, φ). We expect that the sheaves I(λ t , Q, φ) for different data (λ, Q, φ) are related by family version of intertwining functors or Schmid identities, hence the definition of the (g t , K)-module M (λ t , Q, φ) is intrinsic.
Remark 4.48. The tempered assumption is not necessary for our approach, so the MHA bijection can be easily generalized to all admissible representations in our framework. This has already been pointed out by Afgoustidis to the author via private communication. The main difference in the admissible case is that the standard sheaf I(λ, Q, φ) might be reducible and the image of the canonical morphism I(λ t , Q, φ)| t=1 → I(λ t , Q, φ)| t=1 = I(λ, Q, φ) (4.11)
is the unique irreducible Harish-Chandra subsheaf L(λ, Q, φ) of I(λ, Q, φ), which is generated by the minimal K-types (we assume λ is dominant). This phenomenon has already showed up in the tempered case: there are countably many complex values s of t such that I(λ s , Q, φ) is reducible, even when λ − is imaginary. On the other hand, besides the 'maximal extension' I(λ, Q, φ) = i + φ, there is also a 'minimal extension' i ! φ, which is also a D λ -module, and there is a canonical morphism i ! φ → i + φ whose image is the 'intermediate extension' L(λ, Q, φ). This leads to the following conjecture.
Conjecture 4.49. There is a canonical isomorphism of (D λ , K)-modules i ! φ ∼ = I(λ t , Q, φ)| t=1 , which identifies the canonical morphism 4.11 with the canonical morphism i ! φ → i + φ.
4.4.
Examples. In the special case when the K-orbit Q is closed and λ is dominant, the minimal K-type of the standard module I(λ, Q, φ) is exactly Γ(Q, φ ⊗ O Q ω Q/X ). Thus M (Q, φ) = i * (φ ⊗ O Q ω Q/X ). In this case, i ♭ φ = i ♯ φ and the corresponding O T * X λ − -module is E = E =ĩ * p * (φ⊗ O Q ω Q/X ) (Lemma 4.29). The first example is when the Cartan algebra associated to Q is compact. Then the standard module I(λ, Q, φ) is a (limit of) discrete series representation. Since λ − = 0, Q λ − is identified with Q and V = φ⊗ O Q ω Q/X . Then M 0 (λ, Q, φ) is the minimal K-type Γ(Q, φ⊗ O Q ω Q/X ).
The another important case is when G R is a complex reductive group regarded as a real group. Fix a maxima compact subgroup K R ⊂ G R with Lie algebra k R , which is also a compact form of G R as a complex group. The complexified Lie algebra g = g R ⊗ R C can be identified with the complex Lie algebra g R ⊕ g R under the complex Lie algebra isomorphism β : g → g R ⊕ g R defined by β(Y ) = (Y, Y ) for any Y ∈ g R , where the bar denotes the complex conjugate linear automorphism of g R determined by the compact form k R . The image of k = k R ⊗ R C under β is the diagonal subalgebra ∆(g R ) of g R ⊕ g R . Thus we can replace the pair (g, k) by the isomorphic (g R ⊕ g R , ∆(g R )).
In this case, the associated flag variety is the product X = X × X where X is the flag variety of G R as a complex group and the K-action coincides with the diagonal action of ∆(G R ) ⊂ G R × G R whose Lie algebra is ∆(g R ). All ∆(G R )-orbits of X are related by Weyl group elements and there is only one ∆(G R )-conjugacy class of θ-stable Cartan subalgebras of G R ⊕ G R . This conjugacy class is represented by h ⊕ h with h being the Cartan subalgebra of g R . The toroidal part t of h ⊕ h is the diagonal h ∆ of h ⊕ h, while the split part
which is also identified with h by (Y, −Y ) → Y . Now Lemma 4.1.4 of [Mir86] applied in this case implies that any tempered representation of G R can be realized as global sections of a standard Harish-Chandra sheaf I(λ, ∆(X), φ) associated to the unique closed ∆(G R )-orbit ∆(X), the diagonal of X = X × X. Here λ is Σ + -positive, i.e., λ, α ∨ ≥ 0 for any α ∈ Σ + , where Σ + is the positive root system associated to g R ⊕ g R and α ∨ is the dual root of α. By the discussion at the beginning of this section, the corresponding (D λt (r t ), K)-module is I(λ t , Q, φ) = i ♭ φ = i ♯ φ. For Q = ∆(X), we regard λ − ∈ h −∆ as an element in h, T * Q ( X) λ − is canonically identified with T * X λ − and the natural projection p : T * Q ( X) λ − → Q is identified with the projection π : T * X λ − → X. The corresponding sheaf E is the vector bundle π * (φ ⊗ O Q ω Q/X ) = π * (φ ⊗ O X ω −1 X ).
